
Test Functions and Distributions



Test Functions and Linear Functionals
D(Rn) := C∞

0 (Rn)

(Space of Test Functions in Rn)

D(Rn) is a (complex) vector space.

Definition. A linear functional on D(Rn) is a map

T : D(Rn) → C

such that

T (λφ1 + µφ2) = λTφ1 + µTφ2

for φ1, φ2 ∈ D, λ, µ ∈ C.



Examples of Linear Functionals
Linear functionals on D(R):

(i) Tφ :=

∫ ∞

0
φ(x) dx

(ii) Tφ := φ(0)

(iii) Tφ := φ′(1)

Linear functionals on D(Rn):

(i) Tφ :=

∫
Rn

φ(x) dx

(ii) Tφ :=

∫
S
φ dσ, where S is a surface in Rn

(iii) Tφ :=

∫
S

gradφ d σ⃗



Continuous Linear Functionals
Definition. A linear functional T is said to be continuous if

φm → 0 ⇒ Tφm → 0
↗ ↖

null sequence in D(Rn) sequence in C

A continuous linear functional on D(Rn) is called a distribution.

The set of all distributions is denoted by D′(Rn).

D′(Rn) is a vector space.

Examples. All previous examples of linear functionals are
distributions.



Locally Integrable Functions
Definition. A function g : Rn → C such that∫

Ω
|g(x)| dx <∞ for any bounded set Ω ⊂ Rn

is said to be locally integrable.

The space of locally integrable functions is denoted by L1
loc(R

n).

Example. The following functions f : R → R are locally integrable:

(i) f (x) = x2

(ii) f (x) = H(x) =

{
1 x ≥ 0
0 x < 0

(Heaviside function)

(iii) f (x) =

{
ln(x) x > 0
0 x ≤ 0



Regular and Singular Distributions
If g ∈ L1

loc(R
n) then

Tg : D(Rn) → C, φ 7→
∫
Rn

g(x)φ(x) dx

defines a distribution.

Definition. A distribution T ∈ D′(Rn) so that

Tφ =

∫
Rn

g(x)φ(x) dx

for some g ∈ L1
loc(R

n) is said to be a regular distribution.

A distribution that is not regular is said to be singular.



Regular and Singular Distributions
Example. The distribution T ∈ D′(R) given by

Tφ =

∫ ∞

0
φ(x) dx =

∫ ∞

−∞
H(x)φ(x) dx

is regular.

The Dirac delta distribution Tδ ∈ D′(R) given by

Tδφ := φ(0)

is singular.



Proof that Tδ is Singular
Suppose that there exists a function g ∈ L1

loc(R
n) such that

Tδφ =

∫
Rn

g(x)φ(x) dx = φ(0).

For a > 0 define ψa ∈ D(Rn),

ψa(x) =

{
e−a2/(|x |2+a2) |x | < a,

0 otherwise

and note
|ψa(x)| ≤

1
e
.



Proof that Tδ is Singular
Then

|Tδψa| =
∣∣∣∣∫

Rn

g(x)ψa(x) dx

∣∣∣∣
≤ 1

e

∫
|x |<a

|g(x)| dx

a→0−−−→ 0.

But
Tδψa = ψa(0) =

1
e
−̸→ 0 as a → 0.

Contradiction!



Outlook
Purely formally / symbolically:

Tδφ =

∫
Rn

δ(x)φ(x) dx = φ(0)
↖

Dirac delta “function”

To Do:
▶ Prove that Tδ / δ(x) represents a “point source”.
▶ Consider also “point dipoles” and similar objects.



Outlook
Natural identification

g ∈ L1
loc(R

n) ↔ Tg ∈
{
T ∈ D′ : T regular

}
leads to

L1
loc(R

n) ⊂ D′(Rn)

To Do:
▶ Extend operations of calculus (differentiation, multiplication of

functions, etc.) to D′(Rn)

▶ Define convergence of sequences of distributions
▶ Discuss the Fourier transform
▶ How to solve equations in distributions?


	Distributions
	Test Functions and Distributions


