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The Method of Images
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The Method of Images

Wanted: Green function satisfying
Lg(x; &) = 0(x = &), x, £ € N CR", Bg = 0.

Standard Approach: Let E(x; &) be a fundamental solution “with
pole at £ " and set

g(x; &) = E(x;€) + v(x)
where v satisfies

Lv =0, x € 2 CR", Bv = —BE(-,¢).
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The Method of Images

Method of Images: Use the fundamental solution E to construct v,
exploiting the symmetry of (2.

Basic idea:
LE(x;¢") =0, X € {2, &N

Choose £* to satisfy the boundary conditions for the original
problem.
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Green's Function for L = —A on the Half-Plane
Half-Plane: H := {(x1,x) € R?: xo > 0}

Boundary: OH = {(x1,x) € R?: x, = 0}
Dirichlet Conditions: g|om = 0
Fundamental Solution: E(x; &) = —5= In|x — ¢|

—AE =6(x—¢)
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Green's Function for the Half-Plane

X2 For £ = (£1,&2) € H set
& 3 = (&, &) ¢ H
Then
o x—E=lx—€ forxeom
. and
& e g(x;€) = E(x;§) — E(x; &)

will vanish for x € OH.
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The Dirichlet Problem on the Half-Plane
For example, the solution to the Dirichlet problem

Au=0, x € H,
u(x1,0) = h(x1), x1€R, hell (R)

loc

is given by
og / 9g(x: &1, &)
u(x) = h-—=ds=— [ h L2t d¢;.
()= [ 0 g =— [ e EG ] e
An easy calculation yields
Og(xi&,8)| _ 1 X2
06> £2=0 x5 + (31— &1)?
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Solution formula:

1/00 X2
u(xy,x2) = — h(y)s————= dy.
( ) T J-—co ( )X22+(X1—Y)2

» Check directly that u satisfies the equation

» Check that u satisfies boundary conditions:

1 [%S) X0
=— hy)—F—d
u(x1, x2) 7T/—oo (y)x22+(X1—y)2 y
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]- > X2 X2—>0
7r /_oo v 1)x§ + y?2 Y

. 1 X2
since —

———— is a delta family as xo, — 0.
7rx22 +y2 Y 2

h(x1)
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