
Full Eigenfunction Expansions



Finding the Green function for the Elliptic Operator
Let {un} be a basis of orthonormal eigenfunctions for (L,B).

Let g be the (unknown) Green function.∫
Ω
un(x)Lg(x ; ξ) dx =

∫
Ω
δ(x − ξ)un(x) dx

un(ξ)

Since (L,B) is a self-adjoint boundary value problem,∫
Ω
un(x)Lg(x ; ξ) dx =

∫
Ω
g(x ; ξ)Lun(x) dx = λn

∫
Ω
g(x ; ξ)un(x) dx .

It then follows that∫
Ω
g(x ; ξ)un(x) dx =

un(ξ)

λn
.



Full Eigenfunction Expansion of Green’s Function
The eigenfunctions {un} are an orthonormal basis of C 2(Ω).

Green’s function can be expanded in a series

g(x ; ξ) =
∑
n

⟨un, g( · ; ξ)⟩L2un(x)

=
∑
n

un(x)un(ξ)

λn
.

(Full eigenfunction expansion of g)



Example: Dirichlet Problem on a Rectangle
Let

L = −∆, Ω = [0, a]× [0, b] ⊂ R2, Bu = u|∂Ω

Orthonormalized eigenfunctions are

um,n(x1, x2) =
2√
ab

sin
(mπx1

a

)
sin

(nπx2

b

)
, m, n = 1, 2, 3, . . .

Hence,

g(x ; ξ) =
∞∑

m=1

∞∑
n=1

4
ab

sin
(
mπx1
a

)
sin

(
nπx2
b

)
sin

(mπξ1
a

)
sin

(nπξ2
b

)
m2π2/a2 + n2π2/b2



Example: Dirichlet Problem on a Disk
Let

L = −∆, Ω = {x ∈ R2 : |x | ≤ 1}, Bu = u|∂Ω

Orthonormalized eigenfunctions are

um,n(r , φ) =
e inφ√

πJ ′n(αn,m)
Jn(αn,mr), m = 1, 2, 3, . . . , n ∈ Z, . . .

where αn,m is the mth positive zero of the nth Bessel function of
the first kind, Jn. Hence,

g(r , φ; ϱ, θ) =
1
π

∞∑
m=1

∞∑
n=−∞

e in(φ−θ)Jn(αn,mr)Jn(αn,mϱ)

J ′n(αn,m)2α2
n,m


