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Full Eigenfunction Expansions
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Finding the Green function for the Elliptic Operator

Let {u,} be a basis of orthonormal eigenfunctions for (L, B).

Let g be the (unknown) Green function.
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Since (L, B) is a self-adjoint boundary value problem,

/Q un(x)Lg(x; &) dx = /Qg(x; &)Lup(x)dx = Ap /Qg(x; &) un(x) dx.

It then follows that
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Full Eigenfunction Expansion of Green's Function
The eigenfunctions {u,} are an orthonormal basis of C2(£2).

Green's function can be expanded in a series

g6 &) =D (ung(+:€))2un(x)

_ Z Un(X))\:n(g) )

(Full eigenfunction expansion of g)
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Example: Dirichlet Problem on a Rectangle

Let

L=—A, 2 =10,a] x [0, b] C R, Bu = ulsn

Orthonormalized eigenfunctions are

2
Um.n(x1,Xx2) = ﬁsin <m7;x1> sin (m;X2> , mn=123 ...

Hence,

4 sin "”rxl) sin(”"xz) sin(m“&) sm("’rb&)
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Example: Dirichlet Problem on a Disk

Let

L=-A, 2 ={xeR? |x| <1}, Bu = ulgn

Orthonormalized eigenfunctions are
ingo
u b
m,n( SO) \/>JI (Oén m)

where a,  is the mth positive zero of the nth Bessel function of
the first kind, J,. Hence,

—————Jhlapmr), m=1,23,..., n€eZ,...
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