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Solution Formula for
the Parabolic Boundary Value Problem
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Adjoint Boundary Conditions
As usual,

M= {ue C*}(V): Bu= Biu = 0},

M* = {v € C3(V): | Jw,v)dd=0forallue M}.

Since

-
/ J(u,v) d&’:/ / p(ugrad v — vgrad u) dt d&
oV 02 J0o

+/ o(x)(u(x, T)v(x, T) — u(x,0)v(x,0)) dx
Q
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Adjoint Boundary Conditions

As usual,

M= {ue C*}(V): Bu= Elu:O},

I\/I*:{vecz(V): J(u,v)d&’:Oforalluel\/I}.

ov

Since

-
/ J(u,v) dc?:/ / p(ugrad v — vgrad u) dt d&
Vv 02 J0o

+/ Q(X)(U(X, T)v(x, T)— u(x,0) v(x, 0)) dx
0

i Iy
Biv Biu
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Adjoint Boundary Conditions

As usual,
M= {ue C*}(V): Bu= Biu = 0},

I\/I*:{vecz(V): J(u,v)dE:Oforalluel\/I}.

ov

We see that
M* = {v e C*}(V): B'v = B{v =0}
where
B*v = By, Biv=v(x,T)= V]9 Viop

(Adjoint Boundary Conditions)
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Adjoint Green Function

The adjoint Green function satisfies
Lg"(x 1:6,7) = 3((x.1) = (€.7)),
for
x, € € 12, t,7€(0,T),
with boundary conditions
Bg* =0,

18" =g"(x,T;¢,1)=0.
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Solution Formula

Start from Green's formula,

- - T
/V(vLu —ul*v)d(x,t) = /89/0 p(ugrad v — vgrad u) dt d&
+/ Q(X)(U(X, T)v(x, T) — u(x,0)v(x, 0)) dx
0

Suppose
Lu = oF (x, t), u(x,0) = (), Bu = ~(x, t)

and v = g* satisfies

Z*g* = 6((x, t) — (5,7')), g (x, T;&71)=0, Bg"=0
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Solution Formula
Then

u(e.7) = /V 0()F(x. )" (x, £: €, 7) d(x. 1)

4 /Q 0(x)g" (x, 0; £, 7)F (x) dx

p 0g*(-:& 1) / P,
— | EyZ= > Vg4 Lt & 7)d
/51 a’y anX 7 §2U§3 57g ( é. T) 7

where

gk = Sk X [07 T] C OVmantle k=1,2,3.



