
Solution Formula for
the Parabolic Boundary Value Problem



Adjoint Boundary Conditions
As usual,

M =
{
u ∈ C 2(V ) : Bu = B̃1u = 0

}
,

M∗ =
{
v ∈ C 2(V ) :

∫
∂V

J(u, v) d σ⃗ = 0 for all u ∈ M
}
.

Since∫
∂V

J(u, v) d σ⃗ =

∫
∂Ω

∫ T

0
p(u grad v − v grad u) dt d σ⃗

+

∫
Ω
ϱ(x)

(
u(x ,T )v(x ,T )− u(x , 0)v(x , 0)

)
dx
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Adjoint Boundary Conditions
As usual,

M =
{
u ∈ C 2(V ) : Bu = B̃1u = 0

}
,

M∗ =
{
v ∈ C 2(V ) :

∫
∂V

J(u, v) d σ⃗ = 0 for all u ∈ M
}
.

We see that

M∗ =
{
v ∈ C 2(V ) : B∗v = B̃∗

1v = 0
}

where

B∗v = Bv , B̃∗
1v = v(x ,T ) = v |∂Vtop

(Adjoint Boundary Conditions)



Adjoint Green Function
The adjoint Green function satisfies

L̃∗g∗(x , t; ξ, τ) = δ
(
(x , t)− (ξ, τ)

)
,

for

x , ξ ∈ Ω, t, τ ∈ (0,T ),

with boundary conditions

Bg∗ = 0,

B̃∗
1g

∗ = g∗(x ,T ; ξ, τ) = 0.



Solution Formula
Start from Green’s formula,∫

V
(vL̃u − uL̃∗v) d(x , t) =

∫
∂Ω

∫ T

0
p(u grad v − v grad u) dt d σ⃗

+

∫
Ω
ϱ(x)

(
u(x ,T )v(x ,T )− u(x , 0)v(x , 0)

)
dx

Suppose

L̃u = ϱF (x , t), u(x , 0) = f (x), Bu = γ(x , t)

and v = g∗ satisfies

L̃∗g∗ = δ
(
(x , t)− (ξ, τ)

)
, g∗(x ,T ; ξ, τ) = 0, Bg∗ = 0



Solution Formula
Then

u(ξ, τ) =

∫
V
ϱ(x)F (x , t)g∗(x , t; ξ, τ) d(x , t)

+

∫
Ω
ϱ(x)g∗(x , 0; ξ, τ)f (x) dx

−
∫
S̃1

p

α
γ
∂g∗( · ; ξ, τ)

∂nx
dσ +

∫
S̃2∪S̃3

p

β
γg∗( · ; ξ, τ) dσ

where

S̃k = Sk × [0,T ] ⊂ ∂Vmantle, k = 1, 2, 3.


