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The Parabolic Boundary Value Problem
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The Parabolic Boundary Value Problem

Recall
L = —div(p(x) grad ) + q(x),

and

~ 0
L= Q(x)a + L,

L is not self-adjoint:

x € 2 CR",

(x,t) € £2x (0,00)
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Domain and Boundary of the Parabolic Problem

(2 % (0,00)) = (£2 x {0}) U (892 x [0, 00))

Q x (0,00)

0Q x [0,00)

QO x {0}
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Boundary Conditions
Let o, 3: 002 — C.

ou
Bui=a-ufys 0.0+ 8 %’am{om)’

Biu = U‘QX{O}'
We impose
Bu = ~(x, t), (x,t) € 012 x (0, 00),
(Boundary Condition)
Biu = u(x,0) = f(x) x € 82

(Initial Condition)



JOINT INSTITUTE

RARABRERFIL

Green's Formula and the Conjunct

Recall Lagrange's identity for L:
vLu — ulv = div(pugrad, v — pv grad, u)
where div, and grad, emphasize the variables of differentiation.

Let V C R™! be a bounded domain. Then
/ (vLu — ul*v)d(x, t)
%
. d
= / (dlvx(pu grad, v — pvgrad, u) + —(guv)) d(x,t)
y dt
: rad, v — v grad,
- /de(xvt) (P(“g vTVve “)> d(x, t)

ouv
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Green's Formula and the Conjunct

Using the divergence theorem in R"*1,

/ (VZU N UZ*V) d(X t) _ / <P(ugradx vV — Vgradx U)> dé
1% ’ ov

ouv

so
Hu,v) = (p(u grad, v — vgrad, u)) .

ouv

is the conjunct for L.
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Restriction to a Bounded cylinder
Fix T > 0 and restrict the PDE to the cylinder

V=0x(0,T)cR""

A OViop

V=0 x (O,T) avmantle

0 Vbotto m
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Boundary Conditions on the Bounded Cylinder
Then

OV=0x{0} UodRx[0,T]U 2x{T}
——— —_—— ——
“bottom” “mantle” “top”

:avbottom U 8Vmantle U aVtop

We have
» boundary conditions on 0Vantle
» initial conditions on 9Viottom

» no conditions on 9 Vqp
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Green's Formula for the Bounded Cylinder

From
J(u,v) d&':/ J(u,v) d5+/ J(u,v)d&
oV 0 Vtop o} Vbottom
+/ J(u,v)dd
anantIe
we find

-
J(u, v)d&’:/ / p(ugradv — vgrad u) dt d&
a0 Jo

+/ o(x)(u(x, T)v(x, T) — u(x,0)v(x,0)) dx
Q

aVv
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Green's Formula for the Bounded Cylinder

/ (vLu — ul*v)d(x, t)
Vv
-
:/ / p(ugradv — vgrad u) dt d&
92 J0

[ o)t T ) - i, Ov(,0)



