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The Elliptic Boundary Value Problem
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The Formal Adjoint

Definition. Let L be a partial differential operator on R”. The
operator L* such that

(LT)(p) = T(L7)
forany T € D'(R"), ¢ € D(R") is called the formal adjoint of L.
If L = L*, we say that L is formally self-adjoint.

Example.

is formally self-adjoint.
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Lagrange's ldentity
For u,v € C2(R"),

vLu = —vdiv(pgrad u)
= —div(pv grad u) + p(grad v, grad u),
ulv = —div(pugrad v) + p(grad u, grad v)

so that
vLu — ulv = div(pu grad v) — div(pv grad u)

(Lagrange's Identity)
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Green's Formula and the Conjunct

Using the divergence theorem,
/ (vlu — ulLv) dx = / div(pugrad v — pv grad u) dx
Q Q

= / p(ugradv — vgrad u) d&
N

(Green's Formula)

The conjunct of L is

J(u,v) = p(vgradu — ugradv)
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Adjoint Boundary Value Problems
Definition. Let (L, B) be a boundary value problem. Set

M :={u e C*(2)N C(2): Bu= 0},
M* = {v € C2(2)N C(2): /aQJ(u, V)dé =0 forallue M.}
A boundary operator B* such that
M* = {v e C}): B*v=0}

is said to be the adjoint operator to B.
(L*, B*) is the adjoint boundary value problem to (L, B).
If L=L*and M = M*, (L, B) is said to be self-adjoint.
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Self-Adjointness
Example. We show that M = M* for

L= —§_j (P ) + ato

Suppose that u,v € M. Then

3} 0
abJu+Al)g| =0 alv+E ] <0
Fix x € 02 and regard a(x), 3(x) as solutions of the system
L B06)-0)
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Self-Adjointness

This implies
u iz ov ou
0 = det (V §:> U% — %
on 0f2.

Hence, if u,v € M, then

ou ov
J(u,v d&’:/ (v—u)dazo.
o0 () oo’ \on~ “on

This shows
veM = vecM*

The converse can be shown by considering 51, S> and S3 separately.
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Direct and Adjoint Green Functions
Definition. The (direct) Green function g(x, &) for (L, B) satisfies

Lg =d(x =€), Bg = 0.
while the adjoint Green function g* satisfies

L*g* = d0(x = §), B*g* = 0.
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Solution Formula for the Elliptic Problem

Suppose u solves (L, B) with data (oF,7) and g* = g is the Green
function for (L*, B*) = (L, B).

Then Green's formula gives

€)= [ el etrae— [ p(uE gl ) do

/g( o () (x)dx

/ o " /52u53 gvg( w8)do
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