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Solution Formula via
Modified Green Functions
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Modified Adjoint Green function

The modified adjoint Green gy, satisfies

k
gm(x, &) =d(x=¢) Zu(’ )u(x),
i=1

Bigm =0
B,gn = 0.
where u(®) ... u(®) are the k orthonormalized non-trivial solutions

of the completely homogeneous direct problem.
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A Solution Formula

Suppose that v is a solution of

Lu=f, Biu=---=Byu=0.

Then

*\|b
0= J(u7gM)‘a

b
— [ eix Lu) — u()Lgi(x,6)) o
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b k
- / Bis(x. EF () — 0(:00x ~ &) + u(x) D uO(u(x)



JOINT INSTITUTE
RATEERREE

A Solution Formula

This implies

b
) = [ gl (e d§+2uu

Since we can always add solutions to the completely homogeneous
problem to u, we can take

b
u(x) = / g (€, X)F(€) de

Express the solution formula in terms of the modified direct Green
function.



N | JOINT INSTITUTE

) | RAREBEBRET

The Modified Direct and Adjoint Green's functions

By Green's formula,
« \|b
0= J(gum &),
b
— [ il n)Lem(x.) — gm(x. L gix.n) o
a

k

b
— gi(6.) — am(1.9) = > vI(©) [ (gis(xm) ox

i=1

:<V(i)7g/\*/]( . 7”))
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The Modified Direct and Adjoint Green's functions

gm(&,x) = gm(x,$)
k

+ > (VIO g (%)) = b () (WD, gm( -, €)))
i=1

Then

b
) = [ gl (e d§+2uu

becomes

b
u(x) = / g, E)F(€) de

*Z 0)( / ) (- E)F(E) de + 3 () u(x)



N | JOINT INSTITUTE
) | RABRERRR

A Solution Formula

Write the last equation as

u(x)— / bgM(x,f)f(S) dg =3 <u - / bgM( L €)F(8) de, u(")> u(x)

Geometrically,

b
U—/ gu(-, OF()de e span{u® ... v

b
) = [ emlxOf d§+Zc,

where ¢, ..., ¢k are arbitrary constants.
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