
Solution Formula via
Modified Green Functions



Modified Adjoint Green function
The modified adjoint Green g∗

M satisfies

L∗g∗
M(x , ξ) = δ(x − ξ)−

k∑
i=1

u(i)(ξ)u(i)(x),

B∗
1g

∗
M = 0

...
B∗
pg

∗
M = 0.

where u(1), . . . , u(k) are the k orthonormalized non-trivial solutions
of the completely homogeneous direct problem.



A Solution Formula
Suppose that u is a solution of

Lu = f , B1u = · · · = Bpu = 0.

Then

0 = J(u, g∗
M)

∣∣b
a

=

∫ b

a

(
g∗
M(x , ξ)Lu(x)− u(x)L∗g∗

M(x , ξ)
)
dx

=

∫ b

a
g∗
M(x , ξ)f (x)− u(x)δ(x − ξ) + u(x)

k∑
i=1

u(i)(ξ)u(i)(x) dx

= −u(ξ) +

∫ b

a
g∗
M(x , ξ)f (x) dx +

k∑
i=1

⟨u, u(i)⟩u(i)(ξ).



A Solution Formula
This implies

u(x) =

∫ b

a
g∗
M(ξ, x)f (ξ) dξ +

k∑
i=1

⟨u, u(i)⟩u(i)(x)

Since we can always add solutions to the completely homogeneous
problem to u, we can take

u(x) =

∫ b

a
g∗
M(ξ, x)f (ξ) dξ

Express the solution formula in terms of the modified direct Green
function.



The Modified Direct and Adjoint Green’s functions
By Green’s formula,

0 = J(gM , g∗
M)

∣∣b
a

=

∫ b

a
g∗
M(x , η)LgM(x , ξ)− gM(x , ξ)L∗g∗

M(x , η) dx

= g∗
M(ξ, η)− gM(η, ξ)−

k∑
i=1

v (i)(ξ)

∫ b

a
v (i)(x)g∗

M(x , η) dx︸ ︷︷ ︸
=⟨v (i),g∗

M( · ,η)⟩

+
k∑

i=1

u(i)(η)

∫ b

a
u(i)(x)gM(x , ξ) dx︸ ︷︷ ︸
=⟨u(i),gM( · ,ξ)⟩



The Modified Direct and Adjoint Green’s functions

g∗
M(ξ, x) = gM(x , ξ)

+
k∑

i=1

(
v (i)(ξ)⟨v (i), g∗

M( · , x)⟩ − u(i)(x)⟨u(i), gM( · , ξ)⟩
)

Then

u(x) =

∫ b

a
g∗
M(ξ, x)f (ξ) dξ +

k∑
i=1

⟨u, u(i)⟩u(i)(x)

becomes

u(x) =

∫ b

a
gM(x , ξ)f (ξ) dξ

−
k∑

i=1

u(i)(x)

∫ b

a
⟨u(i), gM( · , ξ)⟩f (ξ) dξ +

k∑
i=1

⟨u, u(i)⟩u(i)(x)



A Solution Formula
Write the last equation as

u(x)−
∫ b

a
gM(x , ξ)f (ξ) dξ =

k∑
i=1

⟨
u −

∫ b

a
gM( · , ξ)f (ξ) dξ, u(i)

⟩
u(i)(x)

Geometrically,

u −
∫ b

a
gM( · , ξ)f (ξ) dξ ∈ span{u(1), . . . , u(k)},

i.e.,

u(x) =

∫ b

a
gM(x , ξ)f (ξ) dξ +

k∑
i=1

ciu
(i)(x)

where c1, . . . , ck are arbitrary constants.
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