
Boundary Value Problems of General Order



Boundary Value Problems of Order p
Consider the problem (L,B1, . . . ,Bp) on [a, b] ⊂ R, where

L = ap
dp

dxp
+ ap−1

dp−1

dxp−1 + · · ·+ a1
d

dx
+ a0.

with a0, . . . , ap ∈ C ([a, b]) and ap(x) ̸= 0 for all x ∈ [a, b].

We have boundary functionals

B1u :=

p∑
k=1

α1ku
(k−1)(a) +

p∑
k=1

β1ku
(k−1)(b),

...

Bpu :=

p∑
k=1

αpku
(k−1)(a) +

p∑
k=1

βpku
(k−1)(b).



Boundary Value Problems of Order p
Assumptions:

(i) The row vectors

(αi1, . . . , αip, βi1, . . . , βip)

are independent.
(ii) The completely homogeneous problem has only the trivial

solution.
We seek to solve the problem (L,B1, . . . ,Bp) for data

{f ; γ1, . . . , γp}.



Boundary Value Problems of Order p
We define

M := {u ∈ Cp(a, b) : B1u = · · · = Bpu = 0},
M∗ := {v ∈ Cp(a, b) : J(u, v)|ba = 0 for all u ∈ M}.

The boundary value problem (L,B1, . . . ,Bp) is said to be
self-adjoint if

L = L∗ and M = M∗.

Goal: characterize M∗ through adjoint boundary functionals

B∗
1 , . . . ,B

∗
p



The Conjunct
Recall that

J(u, v) =

p∑
k=1

∑
i+j=k−1

(−1)iD i (amv)D
ju.

We express J(u, v)
∣∣b
a

in the form

J(u, v)
∣∣b
a
=

p∑
k=1

(A2p+1−kv)u
(k−1)(a) +

p∑
k=1

(Ap+1−kv)u
(k−1)(b)

with boundary functionals Ak , k = 1, . . . , 2p.

The right-hand side is a linear combination of the 2p terms

u(a), . . . , u(p−1)(a), u(b), . . . , u(p−1)(b).



Additional Boundary Functionals
We now define p additional boundary functionals as follows:

Bp+1u :=

p∑
k=1

α(p+1)ku
(k−1)(a) +

p∑
k=1

β(p+1)ku
(k−1)(b)

...

B2pu :=

p∑
k=1

α(2p)ku
(k−1)(a) +

p∑
k=1

β(2p)ku
(k−1)(b)

such that all 2p row vectors

(αi1, . . . , αip, βi1, . . . , βip), i = 1, . . . , 2p

are independent.



Adjoint Boundary Functionals
We can then write

J(u, v)
∣∣b
a
=

2p∑
k=1

(B∗
2p+1−kv) · Bku

= (B∗
2pv)B1u + · · ·+ (B∗

p+1v)Bpu

+ (B∗
pv)Bp+1u + · · ·+ (B∗

1v)B2pu.

with certain boundary functionals B∗
2p+1−k , k = 1, . . . , 2p.

If u ∈ M, J(u, v)
∣∣b
a

vanishes if v satisfies

B∗
1v = · · · = B∗

pv = 0,

so these are just the adjoint boundary functionals.



Example

L =
d2

dx2 + x2 d

dx
+ 1 on (0, 1) ⊂ R

with

B1u = u(0) + u(1), B2u = u′(1).

The boundary functionals correspond to row vectors

(1, 0, 1, 0) and (0, 0, 0, 1).

We add two functionals, B3u = u(1) and B4u = u′(0), which
correspond to row vectors

(0, 0, 1, 0) and (0, 1, 0, 0).



Example
The conjunct is

J(u, v) = (u′v − uv ′) + 2xuv .

and

J(u, v)
∣∣1
0 = v ′(0)u(0)−v(0)u′(0)+

(
2v(1)−v ′(1)

)
u(1)+v(1)u′(1)

Since u(0) = B1u − B3u, we have

J(u, v)
∣∣1
0 = v ′(0)︸ ︷︷ ︸

=:B∗
4 v

B1u + v(1)︸︷︷︸
=:B∗

3 v

·B2u +
(
2v(1)− v ′(1)− v ′(0)

)︸ ︷︷ ︸
=:B∗

2 v

B3u

+ v(0)︸︷︷︸
=:B∗

1 v

B4u



Example
We hence obtain the adjoint boundary functionals

B∗
1v = v(0), B∗

2v = v ′(0) + 2v(1)− v ′(1)



Solution Formula
As in the previous section, we define the direct and adjoint Green
functions to satisfy

Lg(x , ξ) = δ(x − ξ), B1g = · · · = Bpg = 0,

L∗g∗(x , ξ) = δ(x − ξ), B∗
1g

∗ = · · · = B∗
pg

∗ = 0,

and we can again show that

g∗(x , ξ) = g(ξ, x).

Then the solution of (L,B1, . . . ,Bp) with data {f ; γ1, . . . , γp} is

u(x) =

∫ b

a
g(x , ξ)f (ξ) dξ − J(u, g(x , · ))

∣∣b
a
.
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