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Boundary Value Problems of General Order
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Boundary Value Problems of Order p
Consider the problem (L, By,. .., Bp) on [a, b] C R, where

dP drP1 d
Lzapw‘Fap—lw‘i‘"'—"ala‘f‘ao.

with ag, ..., a, € C([a, b]) and ap(x) # 0 for all x € [a, b].

We have boundary functionals

P P
Biu = Zalku(k_l)(a) + Zﬁlku(k_l)(b)a

k=1 k=1

p P
Byu = ZOépkU(k_l)(a) + Zﬁpku(k_l)(b)-
k=1 k=1
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Boundary Value Problems of Order p

Assumptions:

(i) The row vectors

(ailv v 7aip76il7 .. '75/[.‘))

are independent.

(i) The completely homogeneous problem has only the trivial
solution.

We seek to solve the problem (L, By, ..., By) for data

{fire, -t
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Boundary Value Problems of Order p
We define

M = {UE Cp(a,b)i Blu:"’:BpU:O},
M* = {v € CP(a,b): J(u,v)|5 =0 for all ue M}.

The boundary value problem (L, By, ..., Bp) is said to be
self-adjoint if

L=1L" and M= M*.

Goal: characterize M* through adjoint boundary functionals

* *
Bi,...,B}



JOINT INSTITUTE
RATEERREE

The Conjunct
Recall that

p .
Z D'(amv)D’ u.

We express J(u, v)‘: in the form

P

P
J(U, V)‘: = Z(A2P+1 kV k 1) _1_2 p+1—kv)u(k_1)(b)
k=1 k=1

with boundary functionals Ax, k=1,...,2p.

The right-hand side is a linear combination of the 2p terms

ua),...,uP (@),  u(b),...,uPN(b).
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Additional Boundary Functionals

We now define p additional boundary functionals as follows:

Bpiiu = Za(p+l)ku )+ Zﬁ (p+1) kU “=1(b)

k=1

p p
Bopu := Z Q(2p)k u=1(a) + Z B(2p)k u*=1(b)
k=1 k=1

such that all 2p row vectors

(aily--waiprilau-,,Bip), i=1,...,2p

are independent.
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Adjoint Boundary Functionals

We can then write

2p
b *
J(u, v)‘a = Z(sz+1_kv) - Bxu
k=1
= (prv)Blu + -+ (B;Hv)Bpu
+ (Bpv)Bpy1u + -+ + (B v)Bopu.
with certain boundary functionals By k=1,...,2p.

If ue M, J(u, v)’: vanishes if v satisfies
Biv=-.-=B,v=0,

so these are just the adjoint boundary functionals.
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Example
2 ,d
L @+de+1 on(0,1) CR
with
Biu = u(0) + u(1), Byu = u'(1).

The boundary functionals correspond to row vectors
(1,0,1,0) and (0,0,0,1).

We add two functionals, Bsu = u(1) and Byu = u'(0), which
correspond to row vectors

(0,0,1,0) and (0,1,0,0).



N | JOINT INSTITUTE

) | RAREBEBRET

Example

The conjunct is
J(u,v) = (uv — uv') + 2xuv.

and

J(u, v)|g = V' (0)u(0) — v(0)u'(0) + (2v(1) — v'(1)) u(1) + v(1)u/(1)

Since u(0) = Byu — Bszu, we have

—:B*y —:B*y _.V*
=Dy =:B3 = 2V
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Example

We hence obtain the adjoint boundary functionals

Biv = v(0), Byv = Vv'(0) +2v(1) — V/(1)
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Solution Formula

As in the previous section, we define the direct and adjoint Green
functions to satisfy

Lg(ng):(;(X_g)v Blg::BngO,

L*g*(x,&) = d(x = &), Big"=-=B,g" =0,
and we can again show that

g*(X7§) = g(/f,x).

Then the solution of (L, By, ..., Bp) with data {f;y1,...,7p} is

b
u(x) = / g(x, )f(€) d¢ — J(u, g(x, )],
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