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The Adjoint Second-Order Boundary Value
Problem
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The Formal Adjoint and Green's Formula
The formal adjoint of
2

L=ag3

+a1—— +ao

dx

2

d
L* = 25 + (245 — al)& +(ay — a} + ao).

Green's identity is
b
/ (vlu— ul*v) = J(u, v)b
with the conjunct

J(u,v) = ax(vi' — ') + (a1 — ab) uv.
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Adjoint Boundary Value Problems
We want to solve the problem (L, By, By) on (a, b) C R with

Biu = aqyu(a) + aiau'(a) + Brau(b) + Brau'(b),
Bou = aglu(a) + 0422u/(a) + 521U(b) + ﬂzzul(b),

where o, B € R, i,j =1,2.

Suppose that u satisfies

Biu= Byu=0.

Question: For which functions v is J(u, v)|2 = 0?
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Adjoint Boundary Functionals

Definition.

M = {u € C?(a, b): Biu = Byu =0},
M* .= {v € C%(a,b): J(u,v)|5 =0 for all uc M}.

There exist so-called adjoint boundary functionals By and B3 such
that

M* = {v € C?(a,b): Bjv = B;v =0}

The adjoint boundary functionals have the form

Biu = ajyu(a) + afpu'(a) + By u(b) + Bipu' (),
B u = a3yu(a) + axyu'(a) + B5u(b) + B3ou' (),

where 043-,5}; eR, i,j=1,2.
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Adjoint Boundary Functionals

The existence of By and Bj follows from
b b b
J(u,v)|] = ax(vu' — w")|7 + (a1 — a5)uv|
and then “factoring out” Byu and Byu in the equation

J(u, v)‘s =0.

While M* is completely determined by M, B;, B3 are not unique.

For example, we can replace By, B by
Bf = B + B3, B; = Bf - B;

without affecting M*.
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Example of Adjoint Boundary Value Functionals

d2
L = W on (0, 1) C R
with
Biu = u'(0) — u(1), Byu = u'(1).

The conjunct is

J(u, v)|(1) =w' — uv’|(1)
= v(1)'(1) — u(1)V'(1) — v(0)d'(0) + u(0)v'(0).

Now if u € M = {u € C?([0,1]): Biu = Byu = 0}, then

J(u,v)]g = =v/(O)[V'(1) + v(0)] + u(0)v/(0).
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Example of Adjoint Boundary Value Functionals

Hence,

M* = {v e C?([0,1]): J(u,v)|5 =0 forall u e M}
={v e C%([0,1]): v/(1) + v(0) = 0 and V/(0) = 0}

A possible choice of adjoint boundary functionals is

Biv = Vv/(1) + v(0), B;v = v'(0).
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Adjoint Boundary Value Problems

Definition. The boundary value problem
(L%, B, B)
is said to be the adjoint of

(Lu Bl7 BZ)

(L, By, By) is called self-adjoint if

L=1L" and M= M*.
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