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The Inhomogeneous Equation
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Ordinary Differential Equations

We now discuss the inhomogeneous equation

Lu="f on an open interval | C R
where
L=a (X)£+ +a (X)i—i—a (x)
- TP dxp W ax 0
and

» f is piecewise continuous on the closure / of /,
> ag,a1,...,ap € C(I),

> ap(x) #0 forall x € I.
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The Function ug
Recall how to construct a causal fundamental solution for L:

Take | = R and fix £ € R. Define ug to satisfy
Lus =0 onR

with initial values

ug is the solution of the IVP for L on | = R with data

{0;0,...,0,%&)}5.
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Interpretation of wg
We set

E(X7§) = H(X - f)U§(X), (Il)
where H is the Heaviside function.

If the coefficient functions are smooth, a; ..., a, € C*(R), we can
interpret L as acting on the distribution E and find

LE = §5(x — €).
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Solution Formula for the Inhomogeneous Equation

We would therefore expect that the solution of
Lu=f onR, u(xp) =0, e u(Pfl)(XO) =0,

is given by
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Verification of the Solution Formula

Since ug(§) =0 for any £ € R, we have
o) = [ ue(x)fe) .

J(x) = @f(x) + /X RAGUGLE

= [ dare) de

and
u(xo) = '(x0) = 0.
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Verification of the Solution Formula

We continue to differentiate, yielding
X

uPD(x) = ulf D (x) f(x)+/ uPTI(x)F(E) de,

X0
=0

so that u satisfies the initial conditions

u(xp) =0,
v (x0) = 0,

uPV(x9) = 0.
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Verification of the Solution Formula

Finally, at all points x € | where f is continuous,
-1 X
WP = o D0 )+ [P f() de
X0
=1/ap(x)

_ f(x) —l—/xxuép)(X)f(f)df.

ap(x) 0

This implies that
Lu = ap(x)uP)(x) + - - + ag(x)u(x)
)+ | (L) F(e) e
o N———

0
=0

= f(x).
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The Solution Formula

Theorem. The unique classical solution of the initial value problem
with data

{f;0,...,0}x
is given by

o) = [ uel)r(€) de

X0

where ug is the solution of the initial value problem with data

{0;0,...,0,1/ap(&)}e

If the coefficients ay, ..., a, of L are constants, then

ug(x) = vo(x =€)
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The Inhomogeneous Equation with General Data
The solution of the initial value problem with data
{f;’YL AR 77p}xo

is given by

u(x) = / " U (x)F(E) dE + e (x) + -+ ptip(x),

0

where ux, k =1,...,p, is a solution of the equation with data

{0;0,...,0,1,0,...,0},
Nk
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