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Initial Value Problems, Independence and the
Wronksian
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Ordinary Differential Equations

Consider
Lu="f on an open interval | C R
where
L=a (X)£+ +a (x)i—i—a (x)
- TP dxp 1 dx 0
and

» f is piecewise continuous on the closure / of /,
> ag,a1,...,ap € C(I),

> ap(x) #0 forall x € I.
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Initial Value Problems

Definition. An initial value problem (IVP) for L on [ consists of the
equation

Lu=f on /
and initial conditions at a point xg € I given by
uo) =m, d(0)=r ., uP D)=
for some numbers v1,...,7, € R.
The data for the IVP is summarized by writing

{Fiv1s72: - Vot xo-
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Classical Solutions

Recall that a classical solution of the ODE

>

>

>

>

is continuous on /,
is p — 1 times continuously differentiable on /,
is p times differentiable for all x € I where f is continuous,

satisfies Lu = f at all points in | where where f is continuous.

Theorem. The initial value problem

Lu=f onl,
U(XO) =M,

u(pfl)(XO) = Yp,

has a unique classical solution on /.
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Existence and Uniqueness of Solutions

The condition ap(x) # 0 on [ is essential.

Examples.

» The initial value problem
xtu' —2u=0, x€R, u(0) =0
has more than one solution.
» The initial value problem
xt +u=0, xéeR, u(0)=0

has no solution.
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Linear Independence

Definition. A family {f,}7_; of functions fi,...,f,: | — C is said
to be (linearly) independent if

c1fi(x) + cafa(x) + -+ cnfa(x) =0 forall x €/
with c1, ..., ¢, € C implies

ca=c=---=c¢,=0.

If {fi}7_; is not independent, we say that the family is (linearly)
dependent.
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The Wronskian
Definition. For fi,...,f, € CP=1())

W(f, ..., fnx) = det 1(:X) 2(:X) n(:x)
fl(n—l)(x) f2(n_1)(x) . fn(n_l)(x)

is called the Wronskian of {fi}7_; .

Note:

If {fi}7_, is dependent, then W(fy,..., f;x) =0.

The converse is in general false!
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The Wronskian
Example. Suppose fi,f: (—1,1) — R are given by

f(x) = X, h(x) = |x| - x.
Then f; and £ are independent, but

W(f, f;x) =0 for all x € (—1,1).
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