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Classical and Weak Solutions
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Classical Solutions

Consider the differential equation
Lu=f on {2

where
» L is an ordinary or partial differential operator
» (2 is a domain in R"

» f is a continuous function on 2.

A classical solution is a function u € CP({2) such that
Lu=f on {2

in the usual sense.
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Weak Solutions

Now let
Lu=f on {2

where f € L} (02), ie.,

loc

/|f(x)] dx < o0 for any bounded set B C (2
B

A weak solution is a function u € L _(£2) such that

(LTu)(p) = Trp

for any ¢ € D(R") with suppp C {2.
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Example: x/(x) =0 on R

All classical solutions have the form

u(x) =c, ceR

We show that the Heaviside function

1 x>
H(x) = x20,
0 x<0

is a weak solution.



JOINT INSTITUTE

RARABRERFIL

Tl
M &
NHCHIGAN N2

Example: x/(x) =0 on R
For any ¢ € D(R),

xT() = Th(xe)
= —Tu((xp))
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Example: 8—;’1(X1,X2) =0onR?

Any locally integrable function f € Llloc(Rz) that does not depend
on xp is a weak solution, since

0 dy
—Tr)o=T,
(5a77) o= 7(-50)
/ / X2 ©xq X1,X2) dX1 dX2

= —/ f(xz)/ Ox (X1, x2) dx1 dx2

=0

=0.



JOINT INSTITUTE

RARABRERFIL

Example: ty — ty = 0 on R?

d'Alembert’s classical solution to the wave equation:
u(x,t) =f(x—t)+g(x+1t)

for any f, g € C?(R).

We show that
u(x,t) = H(x —t)

is a weak solution.

Note

2 02 LR P
L= o i v T
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Example: ty — ty = 0 on R?
For any ¢ € D(R?)

(LThx—0))() = TH(x—t)(Ly) = /Rz H(x — t)Lo(x, t) dx dt = 0.

We perform a change of variables in the integral, setting
§\  (x—t\ (1 -1\ [x
) \x+t) \1 1 t)
———
=:A
We note that det A = 2 and define & € D(R?) by

&(gvT)l(gyT)z(X,tnyrt) = o(x — t,x +t) == p(x, t).
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Example: ty — ty = 0 on R?

Then
SOXX(X’ t) - (Ptt(X, t) = 4657(57 T)'

and

/R2 H(x — t)Lo(x, t) dxdt—2/ / (&)@er (&, 7)dEdT

:2/0 /_oo%(fm) dr dg

=2/ Ge(. )| de
0 —
=0

=0

which verifies the assertion.
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Classical and Weak Solutions
Lemma. Let f € C(§2). Then

(i) a classical solution of Lu = f is also a weak solution.

(ii) a weak solution u such that u € CP({2) is also a classical
solution.

Proof.

(i) Let u be a classical solution of Lu = f. Then for any
© € D(£2),

(LTu)(0) = TulL*0) = /Q il = —J(u, @)log + /Q oLu

= 0 since
suppp C {2

:/ fo=Trop.
7
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Classical and Weak Solutions

(ii) Let u € CP(42) be a weak solution of Lu = f. Then for any

v € D(02),
/ fo=Tu(L*¢) :/ ul*o = —J(ujw)!an+/ pLu,
2 2 e
SO
/(Lu_f)cp:o for all ¢ € D(£2).
9]

We will show that this implies
Lu(x) = f(x) for all x € 12

so u is a classical solution.
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Classical and Weak Solutions
Suppose that
Lu(xp) — f(x0) >0 for some xg € 2

Since Lu — f is continuous, there exists some neighborhood
B-(xo) such that Lu — f > 0 on B-(xp).

We can find a cut-off function ¢ € C§°(B:(xp)) such that
© >0 on B:(xp).

But then

/ (Lu—f)p>0
0
which is a contradiction.

Thus, Lu = f on {2. This completes the proof.
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