
Tempered Distributions



Tempered Distributions
A linear functional on S(Rn) is a map T : S(Rn) → C such that

T (λφ1 + µφ2) = λTφ1 + µTφ2

for φ1, φ2 ∈ D, λ, µ ∈ C.

T is said to be continuous if

φm → 0 ⇒ Tφm → 0

A continuous linear functional on S(Rn) is called a tempered
distribution on Rn.

The set of all tempered distributions is denoted by S ′(Rn).

S ′(Rn) is a vector space.



Tempered Distributions
Since

D(Rn) ⊂ S(Rn)

it is easy to see that

S ′(Rn) ⊂ D′(Rn)

so every tempered distribution is also a distribution.

If Tg ∈ S ′(Rn) is given by

Tgφ :=

∫
Rn

g(x)φ(x) dx for all φ ∈ S(Rn)

for some function g we simply write g ∈ S ′(Rn).



Examples of Tempered Distributions

▶ Tδ : φ 7→ φ(0) is a tempered distribution on Rn

▶ g(x) = x2 is a tempered distribution on R.

▶ g(x) = ex
2

is not a tempered distribution on R, since∫ ∞

−∞
ex

2
φ(x) dx

does not exist for all Schwartz functions φ, e.g., not for
φ(x) = e−x2

.

The term “tempered” refers to the growth of g at infinity, which
can not be too rapid.



The Fourier Transform for Tempered Distributions
Definition. The Fourier transform of T ∈ S ′(Rn) is defined by

T̂φ := T φ̂.

where φ̂ is the Fourier transform of the Schwartz function φ.

We also write
FT for T̂ .

Remarks.
▶ Since φ̂ ∈ S if φ ∈ S, the right-hand side is well-defined.

▶ Since the Fourier transform and T are continuous and linear,
T̂ will be continuous and linear. Therefore, T̂ ∈ S ′(Rn).



The Fourier Transform for Tempered Distributions
Since

S(Rn) ⊂ S ′(Rn)

we check that our definition is compatible with the previous one for
Schwartz functions: If g ∈ S(Rn), then Tg ∈ S ′(Rn) and

(T̂g )φ = Tg (φ̂) =

∫
Rn

g(ξ)φ̂(ξ) dξ

=

∫
Rn

g(ξ) · (2π)−n/2
∫
Rn

e−i⟨x ,ξ⟩φ(x) dx dξ

= (2π)−n/2
∫
Rn

∫
Rn

g(ξ)e−i⟨x ,ξ⟩ dξ φ(x) dx

=

∫
Rn

ĝ(x)φ(x) dx

= Tĝφ.



The Fourier Transform for Tempered Distributions
We have extended the Fourier transform to a continuous, bijective
map

F : S ′(Rn) → S ′(Rn).

The inverse is given by

(F−1T )(φ) = T (F−1φ).

Example.

T̂δφ = Tδφ̂ = φ̂(0) =
1√
2π

∫ ∞

−∞
e−ix ·0︸ ︷︷ ︸
=1

φ(x) dx

= T1/
√

2πφ

so
δ̂ = 1/

√
2π.



Example: g ∈ S ′(R), g(x) = 1
Since Tg =

√
2πT̂δ,

T̂gφ = Tg φ̂ =
√

2πT̂δφ̂ =
√

2πTδ
ˆ̂φ

Since ˆ̂φ(x) = φ(−x), we have

T̂gφ =
√

2πφ(−0) =
√

2πTδφ

so
1̂ =

√
2πδ

Formally,

1̂ =
1√
2π

∫ ∞

−∞
e−ixξ dξ =

√
2πδ(x)

which coincides with the Dirichlet kernel as a delta family.



Example: g ∈ S ′(R), g(x) = x

T̂gφ = Tg φ̂ =

∫ ∞

−∞
ξ · φ̂(ξ) dξ

=
1√
2π

∫ ∞

−∞

∫ ∞

−∞
ξe−ixξφ(x) dx dξ

=
1√
2π

∫ ∞

−∞

∫ ∞

−∞
i
d

dx

(
e−ixξ

)
φ(x) dx dξ

=
−i√
2π

∫ ∞

−∞

∫ ∞

−∞
e−ixξφ′(x) dx dξ

=
−i√
2π

∫ ∞

−∞

∫ ∞

−∞
e−ixξ dξ︸ ︷︷ ︸

=2πδ(x)

φ′(x) dx

= −i
√

2πφ′(0).



Example: The Heaviside function H ∈ S ′(R)

T̂Hφ = TH φ̂ =

∫ ∞

0
φ̂(ξ) dξ =

1√
2π

∫ ∞

0

∫ ∞

−∞
e−ixξφ(x) dx dξ

= lim
R→∞

1√
2π

∫ ∞

−∞
φ(x)

∫ R

0
e−ixξ dξ dx

= lim
R→∞

1√
2π

∫ ∞

−∞
φ(x)

e−iRx − 1
−ix

dx

= lim
R→∞

i√
2π

∫ ∞

−∞
φ(x)

cos(Rx)− 1
x

dx

+ lim
R→∞

1√
2π

∫ ∞

−∞
φ(x)

sin(Rx)
x

dx



Example: The Heaviside function H ∈ S ′(R)
It can be shown that

lim
R→∞

∫ ∞

−∞
φ(x)

1 − cos(Rx)
x

dx = P
(

1
x

)
φ.

Furthermore,
sin(Rx)
πx

is a delta family as R → ∞ (the Dirichlet kernel again) so

Ĥ(ξ) =
−i√
2π

P
(

1
ξ

)
+

√
π

2
δ(ξ).
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