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Tempered Distributions

A linear functional on S(R") is a map T: S(R") — C such that
T(Ap1+ pp2) = ATpr+ pTer

for 1,00 € D, A\, u € C.

T is said to be continuous if

©m—0 = Tom —0

A continuous linear functional on S(R") is called a tempered
distribution on R”".

The set of all tempered distributions is denoted by S'(R").

S'(R™) is a vector space.
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Tempered Distributions

Since
D(R") C S(R")

it is easy to see that
S'(R") c D'(R")
so every tempered distribution is also a distribution.

If To € S'(R") is given by
Tgp = / g(x)e(x) dx for all p € S(R")

for some function g we simply write g € S’(R").
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Examples of Tempered Distributions
» Ts5: ¢ (0) is a tempered distribution on R”

» g(x) = x? is a tempered distribution on R.

» g(x) = e is not a tempered distribution on R, since

does not exist for all Schwartz functions ¢, e.g., not for

p(x) = e
The term “tempered” refers to the growth of g at infinity, which
can not be too rapid.

x2
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The Fourier Transform for Tempered Distributions

Definition. The Fourier transform of T € S'(R") is defined by
To:=To.

where @ is the Fourier transform of the Schwartz function .

We also write
FT for T.

Remarks.
» Since p € Sif ¢ € S, the right-hand side is well-defined.

» Since the Fourier transform and T are continuous and linear,
T will be continuous and linear. Therefore, T € S’'(R").
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The Fourier Transform for Tempered Distributions

Since
S(R™) C S’(]R”)

we check that our definition is compatible with the previous one for
Schwartz functions: If g € S(R"), then Tz € S'(R") and

(T = To@) = | e©)8() ¢
- / g(€)- (2m)~"/? / e~ (x) dx d¢

w2 [ [ e de () ox
:/Rng—() ) dx

= Tzp.



JOINT INSTITUTE

RARABRERFIL

The Fourier Transform for Tempered Distributions

We have extended the Fourier transform to a continuous, bijective
map

F:S'(R") — S'(R").
The inverse is given by

(F7IT)(0) = T(F o).
Example.
Tsp = Ts¢ = $(0) =

= 1v2r?®

SO



Example: g € S'(R), g(x) =1
Since T, = \/%'IA'(;,
Top=Tep=V2rTsp =V2rTsd

SO

Formally,

1= L e X d¢ = \/2716(x)
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which coincides with the Dirichlet kernel as a delta family.
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Example: g € S'(R), g(x) = x

f'gcp:Tg@:/ooﬁ'@(f)df
v e o
= g

\/2?// e~/ (x) dx d€
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Example: The Heaviside function H € S§’(R)

mozm“a:/o w(é)df—m// e € p(x) dx e

1 o0 .
= lim —— —iX€ d¢ d
lim. ﬁzw/_oosa(x)/ &€ dé d

7IRX -1

= Rll_l;noo \/j / dX
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Example: The Heaviside function H € S§’(R)

It can be shown that

i /OO go(x)l_#w dx =P (i) o

R—o0 J_

Furthermore,
sin( Rx)

™

is a delta family as R — oo (the Dirichlet kernel again) so

9 = =P (2) " \/fé(s)-
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