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The Fourier Inversion Formula and
Properties of the Fourier Transform
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The Fourier Inversion Formula
Theorem. Let ¢ € S(R"). Then

1 .
o(x) = W /n @(f)e’<x’§> d¢

Proof for n = 1.

Suppose first that ¢ € D(R) C S(R). Then
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The Fourier Inversion Formula

Recall that the Dirichlet kernel

1 (R,
il e d¢
2T -R

is a delta family that converges to 6(y) as R — oc.
Therefore,

[e.9]
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1 oo . _ 1 (R
or /_ 0 de = . /_ el =5 /_ edgdy

=¢(x=0)
= p(x)

This proves the statement for ¢ € D(R).
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The Fourier Inversion Formula
Let xn € D(R), n € N, be cut-off functions with

Y= Xn(x)

(x) 1 |x|<n
X) =
X 0 |x|>n+1

—n-1 —-n n n+l
Now suppose ¢ € S(R). Then xn¢ € D(R) and
n—o0
Xnp —— ¢

in S(R).
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The Fourier Inversion Formula

The Fourier inversion formula states simply that
G(—x) = o(x) for all ¢ € S(R).

We have proven the inversion formula for all test functions, so
a2 (—x) = xno(x) for all n € N.

Since the Fourier transform and the reflection ¢(x) — ¢(—x) are
continuous, we can let n — oo on both sides, yielding

This completes the proof.
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Properties of the Fourier Transform

Suppose p, 9 € S(R").
(i) (Dilation) For e € R, we define Dyip(x) = a"/?¢(ax). Then

F(Dap) = DyjoFep.

(ii) (Translation) For y € R" we define 7,¢(x) = ¢(x — y). Then

(Fre)(€) = e VO Fp().

(iii) (Unitarity) Let (¢, %) ;2 := [pn @(x)¥(x) dx. Then

<¢a ¢>L2 = <307 Q;Z)>L2'
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The Convolution
Definition. The convolution of ¢, 9 € S(R") is defined by

(pxP)(y) = /Rn o(y — x)(x) dx.

Properties. For ¢,1,x € S(R"),
i) px1pe SR

prp=1hxp

px (P x) = (pxe)*

(27T)"/2s0 Y=¢xi

o = (2m)"2
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