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Continuity of the Fourier Transform
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Convergence and Continuity in S(R")

Definition. Let (¢m) be a sequence with ¢, € S(R"), m € N.

(i) (¢m) is a null sequence in S(R") if for all o, B € N"

sup|x* D m(x)] T2 0.
xeR

(i) A linear map L: S(R") — S(R") is said to be continuous if
m—00

Lom —— 0

for all null sequences () in S(R").
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F: S(R") — S(R") is Linear and Continuous

Theorem. The Fourier transform is a continuous, linear map

F: S(R™) — S(R™).

Proof for n = 1.
1) pe S(R) = ¢ € S(R)
We need to show that ¢ € C*°(R) and

¢ d*g(¢)
dek

sup
£eR

‘<oo

for all j, k € N.
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F: S(R") — S(R") is Linear and Continuous
¢ e C*(R):

d* —
4er 20 = (=) el(€)

The right-hand side exists since (—ix)¥yp € S(R) for any k € N.

 d*p(€) :
s/ <
. 'dk —ix
v ] < g Ll @] o
2
< g 2+ e [ o

€S(R) <00
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F: S(R") — S(R") is Linear and Continuous

2) Fis linear
For \,p € C, ¢,¢ € S(R") and any £ € R,

Pl +01() = (27) 72 [ o) + sl o
=\ (27 —n/2 x e—ix{ »
A @) [ e d

e (2m) 2 / B(x)e " dx
R
= MF)(&) + n(Fy¥) (&)
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F: S(R") — S(R") is Linear and Continuous

3) F is continuous
We have seen that for some C > 0

d“3(¢)
dek

(1+5) (30 6(x)

< C-sup
x€R

sup ¢/
£ER

If (¢m) is a null sequence, the right-hand side converges to
zero. Therefore, the left-hand side converges to zero and (p,)
is also a null sequence.

This completes the proof.
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