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Delta Families and Delta Sequences

Definition. Suppose

» | C R (index set),
» fo € LL (R") forall v e/

Then {f,}acs is a delta family (as o — ayp) if

lim £, =9.

a—roQ

If I =N and ag = oo then {f,}4es is a delta sequence.
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Constructing Delta Families
Theorem. Let f € Lt (R") such that

loc

» f(x) >0 forall x € R,
> fenf(x)dx =1

Then

fo(x) = if (—) fora >0

an

defines a delta family {f,}o>0 as @ — 0. In particular,

lim /R () dx = o(0)

for any ¢ that is bounded and continuous at x = 0.
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Constructing Delta Families

Proof.
Suppose ¢: R" — R is bounded and continuous at x = 0.

Tow = | 6 dx = p(0) + [ () (o) = 0(0)) o

Prove:

lim /n fo(x)(x)dx =0

a—0 R

Show that for every € > 0 there exists a v > 0 such that

<e.

a<y =

/n fo(x)(x) dx
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Constructing Delta Families

(i) Forany a >0,

/ fa(x)dx =1
(ii) Forany R >0,
lim / fa(x)dx =0
a—0 [x|>R

(iii) For any R >0,

Iim/ fa(x)dx =1
a—0 Ix|<R



N | JOINT INSTITUTE

) | RAREBEBRET

Constructing Delta Families
Since f > 0, for any R > 0,

/ fo(X)(x) dx| < max |¢(x) / fo(x) dx
[x|<R Ix|<R [x|<R
—(R) 1

Furthermore,

/ fo(X)0(x) dx| < sup |[¢(x)]- fo(x) dx.

[x|>R xER" [x|>R
—_———
=M
Then
fo(X)U(x)dx| < c(R)+ M fo(x) dx
Rn [x|>R
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Constructing Delta Families

Fix e > 0.
» Choose R > 0 small enough so that c(R) < /2.
» Choose v > 0 small enough so that

€
fa(x) dx| < — for a <~
‘/X|>R M
Then
/ fo(X)Y(x) dx| < &
for all o < 7.

This completes the proof.
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Example: f(x) =

with

as y \(0

fy(x) = 8(x)
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Example: f(x)

with

as t \(0

fr(x) — 0(x)




JOINT INSTITUTE

RARABRERFIL

ZR)
it I\t

Example: f(x) = H(x)xe™™

fi(x) = k>H(x)xe™*, k €N,
with
fi(x) — d6(x) as k — oo
y
A
y =)
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The Poisson Kernel

1 1—r?
1 1-rt <

fr(e) — )27 1+r2—2rcosf ’0’ =T, 0<r<1,
0 0] >,

where

f(0) — 4(0) asr N1
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The Dirichlet Kernel

(1.1)

0,

>

Rx)

where

as R — oo

fR(X) — 5(X)
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