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Elementary Operations on Distributions
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Extension by Duality

Basic Idea:

» Any operation in calculus can be performed on test functions
p €D = (.

» Use the “dual pairing”
Teo= [ 8(elx) o

to see what equivalent operation can be performed on
“sufficiently nice” g € L]

loc*

» Define the operation on distributions in terms of an equivalent
operation on test functions.
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Dilation

Dilation operator: For o > 0, define
D.: D(R") — D(R"), (Do) (x) = a™? - p(ax).

Then for a regular distribution Ty,

Ty(Dacg) = a2 / g(x)p(ax) dx

n

- 6 () e

= TDl/agSO
=: (Dl/a Tg)‘:o
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Dilation

Definition. The dilation operator
D,: D'(R") — D'(R")

is defined by
(DaT)(#) := T(D1/ap)-

This definition ensures that
TDag =D, Tg

and extends the definition of the dilation from L} _(R") to D'(R").
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Translation

Translation operator: For y € R", define

7y: D(R") = D(R"), (mye)(x) = o(x = y).

Then for a regular distribution Ty,
Tg(ryp) = /R g(x)p(x —y)dx = /R glx +y)p(x)dx = T,_ g¢.

Definition. We define the translation operator

7y: D'(R") = D'(R") (my T) (%) = T(m-yp)
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The Translation of Distributions
Example. Let T5¢ = ¢(0). Then

(e Ts)(@) = Ts(m—e) = p(x + &)| _o = ©(£).
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Sum and Scalar Multiplication

D'(R"™) is a vector space:
> T1, T2 € D' implies Ty + T, € D’ with

(Ti+ T2)(p) = Tip + Tayp
» TcD', \cCimplies A\T € D' with
(AT)(p) =Ty
The pointwise sum and scalar multiple of functions generalize

automatically to distributions:

Trig = Tr+ Tg, Thr = AT5.
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Multiplication by Smooth Functions
Multiplication operator: For h € C*°(R"), define

M : D(R") — D(R"), (Mhp)(x) = h(x)e(x)-

Then for a regular distribution T,

TeMhe) = [ g(h(x)o(x) o = T

Definition. We define the mutliplication operator
Mp: D'(R") — D'(R") (MpT) (@) := T(Mpyp)

Warning: We can not multiply a distribution with a non-smooth
function or another distribution!



	Distributions
	Elementary Operations on Distributions


