Vv557 Methods of Applied Mathematics 11

Green Functions and s
Boundary Value Problems JOINT INSTITUTE

Assignment 13 (Selected Solutions) RABRERFRE

Exercise 13.1 Laplace Equation on the Infinite Strip

We consider a Dirichlet problem for the negative Laplace operator on the infinite strip S = R x (0,a), a > 0, in
R2?, i.e., the problem

—Au =0, x €S, u’ =0, ’m . = fz1), r1 € R, (1)

CEQ:()

where we assume that f is a bounded function. We know from Section 12 that

/ f xlaxgﬂflagQ) d§1 (2)
o=a

i) Find both partial eigenfunction expansions of g.

il) Simplify / sum the expansions to show that a bounded solution u is given by

_ sin(mag/a) [ f(&)
uw) ==, /_ . cos(ra2/a) + cosh((z1 — &y ja)

regardless of which eigenfunction expansion is used. You may use that

1 Sinh(o‘x?)eia(ml—gl) o — 1 sin(rxe/a)

27 J_ sinh(aa) 2a cos(mxa/a) + cosh((zq — & )m/a)’
Solution. Green’s function satisfies

—Ag(z;§) = d(z = §), T €S, 3)
9(@:6)|,,_o = 9(=:6)],,_, =0, z1 € R.
for £ € S.
Partial Eigenfunction Expansion
We consider first the equation
—Au=0

and separate variables, setting u(x1,z2) = X1(z1) - X2(22). Then

X// X/I
X/ X+ XX =0 S0 =L 2.
L2 12 X1 Xo
This gives
X = AXq, —00 < x1 < 00, (4)
Xél = —\Xo, 0<xe <a, XQ(O) = Xg(a) =0. (5)

For the first problem, there are no real boundary conditions. Let us assume, however, that the solution u should
be bounded, so we require

sup| X (z)] < oo.
z€R

We easily find eigenfunctions and -values

2
Xo n(z2) = sin(nmwas/a), A= (@) ) neN



for (5). For (4) we note that solutions must be both bounded and differentiable, leading to

Xi,a(z) = el A=—-a?<0, a e R.
We do not relate the eigenvalues A of these two problems with each other since we would like to find the partial
eigenfunction expansions of g in terms of each problem separately, without regard to the other one.
Expansion in the X5 Eigenfunctions
We expand g in terms of the X5 eigenfunctions to obtain

§556) = 3 gular:€)sin (=2).

n=1

where

@19 =2 [ g(ai)sin ("2 doa

We now calculate the functions gy, (z1;€). We multiply (3) by 2sin(nrza/a) and integrate from 0 to a with
respect to xs, obtaining

2,2

—gn(r1;€) + na;r gn(r1;8) = %Sin (m;&) §(z1 — &)

We now need to solve the ODE problem for a Green’s function. One way to do this via a causal fundamental
solution.

Consider the equation

a n?m?
——————F' (1) + ——————E(x1) = §(x1).
2sin("ﬂT&) (1) 2asin(%) () = 0(m)
(We consider £ = 0.) Then we first find u such that
n?n? 2sin( "252 )
" 2 U= 0, u(0) =0, u'(0) = I

Two independent solutions of the homogeneous equation are given by

ui(zy) = enmu/a7 u2(1,) — o nma/a
and we satisfy the initial conditions by taking
; 3
u(ml) — M(e*nﬂ'zl/a _ 6n7mc1/a)

nm

and a causal fundamental solution is given by
E(z1) = H(x1)u(zy)

where H is the Heaviside function. For our concrete problem, we need g (and hence g,,) to be bounded with
respect to x1, however, so we add a suitable solution to the homogeneous problem to eliminate the exponential

increase as x1 — 00,
nnéo
a )enﬂ'ml/a

sin
Uhom (-Tl ) - <TL7T

Then

—(nm/a)|z1—E1]
e . n
gn(x1;8) = E(x1 — &) + tnom(T1 — &1) = sm( a&)

nm

We therefore have he representation

X e—(n7w/a)|z1—&i|
)= 3" i (1) i (122 ®

nm

n=1

Note that

nm a a nm

—(nnw/a)|r1—&1
e—(nm/a)| | “in (nﬂ'J?Q) sin (mriz)’ < e~ (T/alzi—&] | Le—w(n—1)|xl—fl|/a



so that for 1 # & the series converges uniformly by the Weierstraf M-test. Furthermore, g converges to zero
as £, — too. An analogous estimate for the derivatives of the summands allows us to conclude that we can
write

dg(x;§)

982

a

- % i(,l)nefmzﬁm/a sin (@) (7)
n=1

§2=a

and that the derivative also converges to zero as £ — +oo.

Tt follows that the solution formula (2) is valid and

ey = 230 0sin (M22) [ plee s 0

a
The representation (8) is not very useful; for example, we can not easily verify that u(z1,a) = f(z1) because
every term in the series vanishes when xo = a. In particular, the series does not converge uniformly for

0 < x5 < a, so calculations will be cumbersome.

We can improve the behavior of our series solution by reconsidering the series in (7) as a geometric series:

dg(z;§) 1 & _ _ . /N2
A Sl YA — - —1)"e nw|z 51‘/(18111( )
862 £3=a a n;l( ) a

= —l Im(i 9”)

- a n=1
where

§ = —eimee/a—mlz—il/a
We then find
RCICIT ) S S A | sin (Z22) ¢~le—¢il/a
%2 lea=a a  1-0 al+2emle=Gl/acos (T22) 4 e2mlz=&il/a

_ 1 sin(mxzq/a)
2a cos(mxa/a) 4+ cosh((z1 — &) /a)

We then have the solution formula

sin(rz2/a) / f(&1)
2a _ oo COS(mxa/a) + cosh((z1 — &) /a)

d&y. (9)

u(z) =

Expansion in the X; Eigenfunctions

We have a continuous 1-parameter family of eigenfunctions
X o(z1) = ', a € R,

rather than a countable set. The expansion of Green’s function must take the form of an integral instead of a
series:

o) = J% /_ 30, 2;€)¢° da (10)

We now need to determine the “coefficient functions” §(a, x2;&).

We take the Fourier transform of (3) with respect to the x;-variable and obtain

93 (0, x»; ; e
_9(0(;;%25) + a?ga, m9;6) = e\/ﬁ d(z2 — &2) )

where g(a, x2; &) = \/% Jpe " g(a;€) day.! We find that

9(,0;€) = g(a,a;6) = 0

We could also have obtained (11) by plugging (10) into (5).




since g vanishes for o = 0 and z2 = a. Finding §(a, z2; &) is hence a Green’s function Dirichlet problem for
the ODE (11). An easy calculation yields,

9o, w95 8) = \/2?2_;;;1(%) sinh(ay<) sinh(a(a —y>)),
where
Y< = min{zz, {1}, y> = max{zs, {2 }.
It follows that
1 [ eto(ri—£&1)
o) =g | s snb(aye) sinh(a(a — ) do (12)

We now calculate

B 5‘g(az,§) _ i > Sinh(axQ)eia(xlffl) dov
s |emy 27 J_o sinh(aa)
1 sin(mza/a)

2a cos(mxy/a) + cosh((z1 — & )7 /a)

where the last identity can be shown using residue calculus (see the addendum below). This shows that the two
eigenfunction expansions yield the same solution formula (of course, the Green’s functions themselves can also
be shown to be the same).

Addendum: a Complex Integral

We want to show that

1 [*® sjnh(axg)em(xl_fl) do — 1 sin(maz/a)

27 J_ . sinh(aa) 2a cos(mxy/a) + cosh((zy — &) /a)

For simplicity, we transform variables in the integrand, setting y = aa. Then the integral on the left equals

1 /°° Meiy(zr&)/a dy

a ) ., sinh(y)

We plan to integrate the function
__ sinh(zz/a) i2(z1—£1)/a
J2) = sinh(z) ¢

over a suitable toy contour.

We note that the poles of sinh(zzs/a)/sinh(z) are at z = inw, n € Z \ {0}. (The point z = 0 is a removable
singularity since lirr%) sinh(zzo/a)/ sinh(z) exists.) We will use the following contour:
zZ—r

Imz

-R+in R+in
H—\cy—<—
Ce
Iy 0 I'r

Y
Y

» Rez




We parametrize I'g by yr(t) = R+ it, t € [0,7]. Then

f(2)de| < [P LRI it -enve)
T'n 0 sinh(R + it)
< sup sinh((R + it)za/a) /” o te—&)/a g
tef0,7] sinh(R + it) 0
e(B+it)z2/a _ o—(R+it)w2/a
<C- tj[%gr] oRtit — g—(RTih)

— O . Rl@s/a=1) sup eitzz/a _ o—(2R+it)z2/a

tel0,m]

it — o—(2R+it)

bounded

R—o

0

since x2 < a. The same calculation shows that the integral over I', vanishes when R — oo.
Next, we consider the integral over the semi-circle C.. Since the semi-circle is traversed in clockwise direction,
/ f(z)dz = —mires;; f.
CE
In the following calculations we will use that
isinh(it) = sint and sinh(¢ + i) = — sinh(¢)

In particular, we have

Yy —im

resir f = sinh(inzy/a)e "1 8/ s sinh(y)

e —r(m—€)/a fiy Y

sinh(imzs/a)e ;% sinh(y + i7)
_ Sinh(iﬂ_mz/a)e—ﬂ'(xl—fl)/a ?}1_% Sln_h(y)
—

=1
= —sinh(imag/a)e (T8 /a

= —isin(may/a)e (@1 —E)/a

Letting ¢ — 0 and R — oo, we then see that

/oo sin}'l(yzQ/a) eiy(xlel)/a dy 7 ﬂsin(iﬂxQ/a)efﬂ'(xlfgl)/a B /oo slnh((t + 7;7T).$2/a) ei(t+i7r)(m17§1)/a dt =0,
—oo sinh(y) sinh(¢ + i)

where the last integral is over the line through ¢7m and parallel to the real axis. We note that
sinh((¢t + im)xe/a) = isin((t/i + 7)x2/a)

= ¢sin((t/i)x2/a) cos(mra/a) + icos((t/i)ze/a) sin(rze/a)
= sinh(tza/a) cos(mza/a) + i cosh(tza/a) sin(nzs/a).

Then

/Oo sinh(yxz/a) ety(z1—E1)/a dy = ’/TSin(’iTl'Q/a)e_ﬂ—(wl_gl)/a
oo sinh(y)

_ eml@i—€1)/a /Oo Sinh((t“*‘ iT)w2/a) Git(zi—€1)/a gy
e sinh(t)

= Wsin(wmg/a)e_”(“_fl)/“

_ e ml@i—&1)/a cos(7T332/a)/

& Meit(aﬂ—fﬂ/a dt

oo sinh(?)
—je @)/ gin(1xy /a) /Oo COL(txz/a) eltler=en/e gy
oo sinh(?)



We hence have

(eﬂ'(ml—fl)/a + COS(THEQ/CL))/ SlnSiI(lgl/lizz)/a) ely(Il—fl)/a dy

> cosh(tzs/a) it

z1—&1)/a gy
sinh(t) ()

= wsin(nxe/a) — isin(rxa/a) /

— 00

We now integrate the function f(z) over the contour

Imz

-R A R

» Rez

Y
Y

-R-in R-in

As before, the integrals over I';, and I'g will vanish when R — oo and the integral over C. around the pole at
—im contributes one-half the residue. We note

res_ip [ = —sinh(inwy /a)em "1 8/ ygglm syln—il_l(z;r)

o ) mer—&)fafyy, Y
sinh(irxs/a)e ;13% sinh(y — i)

= —sinh(irwy/a)e™ 160/ ;IB% sin?llzy)
—_—

=1
= sinh(irzy/a)e™ (1 )/a

= isin(imay/a)em (@1 e/
Finally, since

sinh((t — im)xs/a) = isin((t/i — m)x2/a)
= isin((t/i)xa/a) cos(wra/a) —icos((t/i)xe/a)sin(rxse/a)
= sinh(tza/a) cos(mza/a) — icosh(tza/a) sin(rza/a)

we find
(eﬂ'(ﬂh—&l)/a + COS(TI'JJQ/CL)) /_Oo SlnSiflzJ(Z;)/a) ely(l'l—ﬁl)/a dy
o h(t ;
= mwsin(ras/a) + isin(mcg/a)/ We”(“_fl)/a dt  (xx)
—00
Adding () and (xx*), we find
/oo sinh(yza/a) civ(@i—€n/a gy _ 2msin(mzs/a)
o sinh(y) 4 e~m(@1=8)/a 4 em(z1—€1)/a 4 2 cos(mwy/a)

After dividing by 2ma, we obtain

1 /00 Sinh(am)em(‘”l’gl)da: 1 sin(mrxz/a)

2 sinh(aa) 2a cos(mxy/a) + cosh((z1 — &) /a)



	(Selected Solutions)

