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Assignment 5

Exercise 5.3
Consider the wave equation problem for a function u: R? — R,

Upg — Uge = 0, U(.’E,O) = f(x)v Ut(.’E,O) = g(.’E)

Take the Fourier transform of the equation with respect to the z-variable to obtain an ODE in the t-variable
and solve the ODE to obtain .
: 9(8)

U(E,t) = F(&) cos(Et) + =g sin(Ed).
Then calculate the inverse Fourier transform (in the distributional sense) to obtain a solution formula for u(x,t).

Solution. Taking the Fourier transform, we obtain

~

Uy + 20 =0, u(,0) = f(§), uy(€,0) = g(&).
The ODE has solution

(&, t) = c1 cos(&t) + cosin(&t), c1,c2 €R.
Then the initial conditions give
(E,0) = = f(9), (6,0) = es€ = §(¢),
SO
ale.0) = (€ costen) + 2 siner)
_1i§A 1—1‘5“ ﬁ(f) :
=3¢ L)+ 3¢ L)+ N sin(t).

We now use that ¢! f(&) = F(f(- —t)) to see that

flx—=1t)+ flz+7) e (Sin(&t)§(§)> .

u(z,t) = 9 Eoa &t

Using tF(f(t-(-))) = (FF)(-/t) and

H(g) - \/ﬂ sm(§)/§, H(l‘) o {O otherwise

we see that

() = flx=t)+ flx +1) ! (sin(ft)g(£)>
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_ f(x’t);f(xH) +;/Zﬂ(y/t)9(ﬂsy)dy
- f(x*t);rf(m+t) +;/ttg(:vy)dy
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