
Vv557 Methods of Applied Mathematics II
Green Functions and
Boundary Value Problems

Assignment 5

Exercise 5.3
Consider the wave equation problem for a function u : R2 → R,

utt − uxx = 0, u(x, 0) = f(x), ut(x, 0) = g(x).

Take the Fourier transform of the equation with respect to the x-variable to obtain an ODE in the t-variable
and solve the ODE to obtain

û(ξ, t) = f̂(ξ) cos(ξt) + ĝ(ξ)

ξ
sin(ξt).

Then calculate the inverse Fourier transform (in the distributional sense) to obtain a solution formula for u(x, t).

Solution. Taking the Fourier transform, we obtain

ûtt + ξ2û = 0, û(ξ, 0) = f̂(ξ), ût(ξ, 0) = ĝ(ξ).

The ODE has solution

û(ξ, t) = c1 cos(ξt) + c2 sin(ξt), c1, c2 ∈ R.

Then the initial conditions give

û(ξ, 0) = c1 = f̂(ξ), ût(ξ, 0) = c2ξ = ĝ(ξ),

so

û(ξ, t) = f̂(ξ) cos(ξt) + ĝ(ξ)

ξ
sin(ξt)

=
1

2
eiξtf̂(ξ) +

1

2
e−iξtf̂(ξ) +

ĝ(ξ)

ξ
sin(ξt).

We now use that eiξtf̂(ξ) = F(f( · − t)) to see that

u(x, t) =
f(x− t) + f(x+ t)

2
+ tF−1

ξ→x

( sin(ξt)
ξt

ĝ(ξ)

)
.

Using tF(f(t · ( · ))) = (Ff)( · /t) and

Π̂(ξ) =
2√
2π
sin(ξ)/ξ, Π(x) =

{
1 |x| < 1,

0 otherwise

we see that

u(x, t) =
f(x− t) + f(x+ t)

2
+ tF−1

ξ→x

( sin(ξt)
ξt

ĝ(ξ)

)
=

f(x− t) + f(x+ t)

2
+

√
2π

2
F−1

ξ→x

(
Π̂(ξ/t)ĝ(ξ)

)
=

f(x− t) + f(x+ t)

2
+

1

2
(Π( · /t) ∗ g)(x)

=
f(x− t) + f(x+ t)

2
+

1

2

∫ ∞

−∞
Π(y/t)g(x− y) dy

=
f(x− t) + f(x+ t)

2
+

1

2

∫ t

−t

g(x− y) dy

=
f(x− t) + f(x+ t)

2
+

1

2

∫ x+t

x−t

g(y) dy


	

